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Abstract 

It is shown that a suitably formulated algebraic lightfront hologra- 
phy (LFH), in which the lightfront is viewed as the linear extension of 
the upper causal horizon of a wedge region, is capable of overcoming the 
shortcomings of the old lightfront quantization. The absence of trans- 
verse vacuum fluctuations which this formalism reveals is responsible for 
an area (edge of the wedge) -rearrangement of degrees of freedom which 
in turn leads to the notion of area density of entropy for a "split localiza- 
tion" . This area proportionality of horizon associated entropy has to be 
compared to the volume dependence of ordinary heat bath entropy. The 
desired limit, in which the split distance vanishes and the localization on 
the horizon becomes sharp, can at most yield a relative area density which 
measures the ratio of area densities for different quantum matter. In order 
to obtain a normalized area density one needs the unknown analog of a 
second fundamental law of thermodynamics 

for thermalization caused by vacuum fluctuation through localization 
on causal horizons. This is similar to the role of the classical Gibbs form 
of that law which relates 

Bekenstein's classical area formula with the Hawking quantum mech- 
anism for thermalization from black holes. 

PACS: ll.lO.-z, 11.30.-j, 11.55.-m 



1 Constructive Aims of Lightfront Holography 

Lightfront quantum field theory and the closely related p oo frame method 
have a long history. The large number of articles on this subject (which started 
to appear at the beginning of the 70ies) may be separated into two groups. On 
the one hand there are those papers whose aim is to show that such concepts 
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constitute a potentially useful enrichment of standard local quantum physics 
QlUinii but there are also innumerable attempts to use lightfront concepts as 
a starting point of more free-floating "effective" approximation ideas in high- 
energy phenomenology (notably for Bjorken scaling) whose relations to causal 
and local quantum physics remained unclear or were simply not addressed. 

As will become clear in the next section, where we will recall some of the 
old ideas from a modern perspective, the old lightfront approach was severely 
limited since in d=l-|-3 spacetime dimensions its canonical short distance pre- 
requisites are met only in the absence of interactions. Nevertheless algebraic 
lightfront holography^ (LFH), which is the subject of this paper, may be viewed 
as a revitalization of the old approach with new concepts. The aim of the old 
approach (though never satisfactorily achieved) was the simplification of dynam- 
ics by encoding some of its aspects into more sophisticated kinematics; this is 
precisely what LFH aims to achieve, but this time without suffering from short 
distance limitations which eliminate interactions and with the full awareness of 
the locality issue and the problem of reconstruction of the original theory (or 
family of original theories) which has (have) the same holographic projection. 

Whereas the old approach amounted to the lightfront restriction of point- 
like fields (which also caused the mentioned limitation), the LFH reprocesses 
the original fields first into a net of algebras which by algebraic holography is 
then converted into a net of operator algebras indexed by spacetime regions 
in the lightfront. This net turns out to be a "generalized" chiral net (a chiral 
net extended by a very specific vacuum-polarization-free transverse quantum 
mechanics) with a 7-parametric vacuum symmetry group which corresponds 
to a subgroup of the 10-parametric Poincare group of the ambient theory. It 
also possesses additional higher symmetries which originate from the conformal 
covariance of the chiral LFH theory. The latter amount to diffuse- acting au- 
tomorphisms in the ambient theory ("fuzzy symmetries"). This does not only 
include the rigid rotation which belongs to the Moebius group with Lq as its in- 
finitesimal generator, but also all higher diffeomorphism of the circle Diff{S^). 

It is important to realize that the absence of a direct relation between the 
ambient fields A and those Alf generating the lightfront net i.e. 

^lf(.x) ^ A{x)\lf (1) 

is the prize to pay for the simplification of interacting quantum field theories^ 
in the algebraic LFH (where the left hand side is determined by intermedi- 
ate algebraic steps and not by restricting fields). The inverse holography i.e. 
the classification of ambient theories which belong to one LFH class (including 
the action of its 7-parametric symmetry group) remains as the main unsolved 
problem. 

^The term "holography" was introduced by 't Hooft |1] for the description of his intuitive 
idea about the organization of degrees of freedom in the presence of event horizons for QFT 
in CST. The present setting of LFH is algebraic QFT (AQFT) in Minkowski spacetime. 

^In fact in the presence of strictly renormalizable interactions, the right hand side is void 
of mathematical meaning (see ?? in section 3). 
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Although the LFH does not accomplish dynamical miracles, it shifts the sep- 
arating line between kinematical substrate and dynamical actions in a helpful 
way by placing more structure (as e.g. compared to the canonical formalism) 
onto the kinematical side which is described by the holographic projection. LFH 
also avoids having an "artistic" starting point as e.g. canonical commutation 
relations or functional integral representations (which the physical renormal- 
ized theory cannot maintain in the presence of interactions, apart from d=l-|-l 
polynomial scalar interactions). Instead it fits well into the spirit of Wight- 
man QFT or algebraic QFT (AQFT), where the result obtained at the end of a 
computation should be (and are) in complete mathematical harmony with the 
requirements at the start. Among the reasonably easy structural consequences 
of LFH is the surface proportionality of localization entropy associated with a 
causal horizon. This will be the subject of the previous to last section. 

There are several papers which discuss the gain of scale symmetry through 
restrictions of QFT to horizons using modular theory |3| [H] [Z] without addressing 
the problem of the transverse direction which is the central point of the present 
work. 

Although the connection between the local net on the lightfront and that on 
the full ambient spacetime turns out to be quite nonlocal (in contradistinction 
to the algebraic AdS-CQFT holography, which still preserves many relative 
local aspects |H]), the modular localization approach succeeds to formulate this 
holographic procedure (including an understanding of its nonlocal relations to 
the original theory) in the rigorous setting of local quantum physics. With 
these remarks on what LFH means in this paper (as compared to many other 
meanings of "holography" in the recent literature), we conclude our historical 
and general remarks and pass to a mathematical description ^. 



2 Elementary facts on pointlike fields restricted 
to the lightfront 

For some elementary observations we now turn to the simple model of a d=l-|-l 
massive free field 

A{x) = [ {e-'P^ai9) + e*f^a*(6')) d6 (2) 

p — m(ch6, sh9) 

where for convenience we use the momentum space rapidity description. In 
order to get onto the light ray = t — x = Q in such a way that x^ ^ t + x 
remains finite, we approach the x+ > horizon of the right wedge : a; > |t| 
by taking the r 0^ x — X ~ '""^ ^ X +00 limit in the x-space rapidity 

^The present work combines and supersedes previous unpublished work of the author 
(hep-th 0106284 0108203, 0111188) and emphasizes different aspects of the subject pubhshed 
inM 
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parametrization 

X — r{shx, chx), x (a;_ = 0,x+ > 0, finite) (3) 

Aix+,x^ ^ 0) = ALFix+) ^ I {e-'P-^^ai9)+e'P-''+a*ie))d9 

V Stt J 

^ ^ {e-'P-'=+a{p) + e^P-"+a*(p)) 



27r 7 ^ ' \p\ 

where the last formula exposes the limiting Alf{x^) field as a chiral conformal 
(gapless P_ spectrum) field; the mass in the exponent p-X^ = mrQe^e~^ is a 
dimension preserving parameter which (after having taken the limit) has lost 
its physical significance of a mass gap (the physical mass is the gap in the 
= P-P+ spectrum). 

Since this limit only effects the numerical factors and not the Fock space 
operators a* (6), we expect that there will be no problem with the horizontal 
restriction i.e. that the formal method (the last line inl^J agrees with the more 
rigorous result using smearing functions. Up to a fine point which is related to 
the well-known infrared behavior of a scalar chiral dimA = field, this is indeed 
the case. Using the limiting x-parametrization we see that for the smeared field 
with suppf €i W, f real, one has the identity 

A{x+,x^)f{x)d^x ^ J a{e)f{9)= J ALF{x+)g{x+)dx+, g real (4) 
fix) = I e'P^'>f{9)d9, g{x+) = [ e'^'^^ g{p)% = / /(0)e^P-(^)-+d0 
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These formulas, in which a contour C appears, require some explanation. The 
onshell character of free fields restricts the Fourier transformed test function 
to their mass shell values with the backward mass shell corresponding to the 
rapidity on the real line shifted downward by —in 



IKP)\p-=-m- \ f{9-in),. po<0 



and the wedge support property is equivalent to the analyticity of f{z) in the 
strip -ZTT < Im z < 0. The integration path C consists of the upper and lower 
rim of this strip and corresponds to the negative/positive frequency part of the 
Fourier transform. By introducing the test function g{x-^-) which is supported 
on the halfline a;+ > 0, it becomes manifest that the smeared field on the horizon 
rewritten in terms of the original Fourier transforms must vanish at p = as 
required by Li-integrability according to 

dp dp 

f{p)\p^=ni^,po>() I „ = = !{Q)d9 = g{9)d9 = g{p)\p2=o,po>o-n (5) 

+ TO^ IP I 

r> g(p = 0) - 

with a similar formula for negative po and the corresponding 0-values at the 
lower rim. This infrared restriction is typical for spinless free fields with dimA = 
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0. The equality of the /-smeared A{x) field with a ^-smeared A+{x+) leads to the 
vanishing of g{p) at the origin and finally to the equality of the Weyl operators 
and hence of the generated operator algebras 



A{W)=A{R+) 

A{W) = alg je'^^-^'^l swpp/ C 

A{R+) = alg \ e'-^^^^f) | g^ppg c / gdx+ = 



(6) 



} 



The choice of the lower causal horizon of W would have led to the same global 
algebra and could also serve as the starting point of LFH. The equality lO 
is the quantum version of the classical causal shadow propagation property of 
characteristic data on the upper lightfront of a wedge. With the exception 
oi d = 1 + 1, m = where one needs the data on both light rays, the classical 
amplitudes inside the causal shadow W of i?+ are uniquely determined by either 
the upper or the lower data. 

As in the classical analog of propagation of characteristic data, it would be 
incorrect to think that the global identity of the algebras persists on the local 
level i.e. that there exists a region in W whose associated operator algebra 
corresponds to a A{I) algebra when / e i?+ is a finite interval. The spacetime 
net structures on W and i?+ are very different; the subalgebras localized in finite 
intervals A{I) have no local relation to localized subalgebras A{0) of y^(VF) 
and vice versa; rather the position of compactly localized algebras in one net is 
diffuse ("fuzzy") relative to the net structure of the other net. The fact that a 
finite interval on does not cast a 2-dimensional causal shadow does of course 
not come as surprise, since even in the classical setting a causal shadow is only 
generated by characteristic data which have at least a semi-infinite extension to 
lightlike infinity. Related to this is the fact that the opposite lightray translation 



is a totally "fuzzy" endomorphism of the A{R+) net; whereas in the setting of 
the spacetime indexing in they^(W^) net, the map AdU-{a) permits a geometric 
interpretation. 

It is very important to notice that even in the free case the horizontal limit 
is conceptually different from the scale invariant massless limit. The latter 
cannot be performed in the same Hilbert space since the m — s- limit needs a 
compensating In m term in the momentum space rapidity 9 in the argument of 
the operators a'^ {6) , whereas the horizon limit |(2Jl was only taking place in the 
c- number factors. 

There is however no problem of taking this massless limit in correlation 
functions if one uses the appropriate spacetime smearing functions. The limiting 
correlation functions define via the GNS construction of operator algebras a new 
Hilbert space which contains two chiral copies of the conformal dimA = 



AdU-{a)A{R+) C A{R+) 



(7) 
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field corresponding to the right/left movers. Tliis difference between tlie scaling 
limit and the lightray holography limit for free fields is easily overlooked, since 
the conformal dimensions of the resulting fields are in this case the same and 
the only difference is that the scaling limit leads to a 2-dimensional conformal 
theory which decomposes into two independent chiral algebras. We will see 
that in the case of interacting 2-dimensional theories the appropriately defined 
holographic projection onto the lightray is different from the scaling limit by 
much more than just a doubling. 

There arises the question whether the chiral theories originating from the 
lightray restriction are intrinsically different from those which are obtained by 
factorizing d=l-|-l conformal theories into its two chiral components. At least 
in the present example this is not the case; we can always extend a free chiral 
field independent of its origin to a d=l+l massive field by defining an additional 
action C/_(a) which just creates a phase factor e*P+^" on the a^{p) appearing 
in without enlarging the Hilbert space. The situation is reminiscent of 
Wigner's finite helicity massless representations which allow an (in that case 
locally acting) extension from the Poincare- to the conformal- symmetry without 
enlargement of the one-particle space. 

Passing now to the higher dimensional case we notice, that by introducing 
an effective mass which incorporates the transverse degrees of freedom on the 
upper lightfront horizon of the previous arguments continue to hold 



The limiting field can again be written in terms of the same Fock space cre- 
ation/annihilation operators and as before the (effective) mass looses its physical 
role 



In the second line the resulting operator is written in terms of a dense set 
of test functions which factorize in a longitudinal (along the lightray) and a 
transverse part. The longitudinal integration may be again brought into the 
rapidity space form Q involving a path C. The dependence of the longitudinal 
part on the transverse momenta is concentrated in the effective mass, which 
in turn only enters via a numerical dimension-preserving factor in p-x^ = 
meffe^e^^. Note that a description of the field in the wedge in terms of lightray 
coordinates x± would have led to the transverse dependence to be converted 
into the mass distribution of a generalized field which is less simple than the 
lightfront projection. 




(8) 




(9) 
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In fact the best way to formulate the resuhing structure on the hghtfront is 
to say that the longitudinal structure is that of a chiral QFT (with the typical 
vacuum polarization leading to long range correlations) whereas transversely it 
is quantum mechanical i.e. free of vacuum polarization and without coupling 
between transverse separated subsystems. The ensuing correlations are given 
by the inner product 

{ALFigf±)ALF{9'A)) = 1 I h{p±)f'AP±)d'p± 
[Alf{x+,x±), Alf{x'+,x'j_)] = iA{x+ - x'^)m=oS{x± - x'_^) (10) 

where the second line shows that the commutation structure of the transverse 
part is like that of Schrodinger field. In fact the analogy to QM is even stronger 
since the vacuum does not carry any transverse correlation at all, a fact which 
can be best seen in the behavior of the Weyl generators 

{W{g, h)W{g', /i)) = {W{g, h)) {W{g', /i)) if suppf n suppf = (11) 
W{g,f±) = e'^'--^s^^'> 

i.e. the vacuum behaves like a quantum mechanical vacuum with no correlations 
in the transverse direction'*. To make this relation with transverse QM complete, 
we will now show that the loss of vacuum correlations is accompanied by the 
appearance of a Galilei group acting on these transverse degrees of freedom. 

For this purpose it is helpful to understand the symmetry group of the light- 
front restriction. It is not difficult to see that it consists of a 7-parametric 
subgroup of the 10-parametric Poincarc group; besides the longitudinal lightray 
translation and the VF-preserving L-boost (which becomes a dilation in ligh- 
tray direction on the lightfront) there are two transverse translation and one 
transverse rotation. The remaining two transformations are harder to see; they 
are the two "translations" in the Wigner little group (invariance group of the 
lightray in the lightfront). We remind the reader that the full little group is 
isomorphic to the double covering of the 3-parametric Euclidean E{2) group in 
two dimensions. As a subgroup of the 6-parametric Lorentz group it consists 
of a rotation around the spatial projection of the lightray and two little group 
"translations" which turn out to be specially tuned combinations of L-boosts 
and rotations which tilt the edge of the wedge in such a way that it stays inside 
the lightfront but changes its angle with the lightray. This 2-parametric abelian 
subgroup of "translations" corresponds in the covering SL{2, C) description of 
the Lorentz group to the matrix 

(; ^''^ 

Gi = ^{Mu + Mi,), i = x,y 



''The lightfront restriction amounts to a global change of the free field operators so that 
even spacelike correlations on the lightfront become modified compared with their old value 
in the ambient theory. 
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where in the second line we have written the generators in terms of the Lorentz- 
generators M^^, so that the above interpretation in terms of a combination of 
boosts and rotations is obvious. The velocity parameter of the Galilei transfor- 
mations in the x±-x^ variables in terms of the ai,i = 1,2 can be obtained from 
the SL{2, C) formalism. 

The important role of this Galilei group in the partial return to quantum 
mechanics as the main simplifying aspect of LFH cannot be overestimated. 
In the algebraic LFH see below) the lightray translation and dilation set the 
longitudinal net structure whereas the Galilei transformations are indispensable 
for re-creating the transverse localization structure which was lost by the global 
identification of the wedge- with the LFH-algebra ®. 

Note that (as in the 2-dimensional example) the physical particle spectrum is 
not yet determined by these 7 generators; one rather needs to know the action 
of the X- lightlike generator normal to the lightfront in order to obtain the 
physical mass operator of the ambient theory (which is part of inverse LFH) . 

For free massless Bose fields (as for certain more general chiral fields) there 
is no problem to cast the above pointlike formalism into the setting of bounded 
operator algebras by either using the spectral theory of selfadjoint unbounded 
operators or by Weyl-like exponentiation (see below). For free Fermi fields 
the test function smearing suffices to convert them into bounded operators; in 
this case one can elevate the above observations on smeared fields directly into 
properties of spacetime-indexed nets of operator algebras. 

There exists however a disappointing limitation for this lightfront restric- 
tion formalism for pointlike interacting fields which forces one to adopt the 
operator-algebraic method. Namely this restriction method suffers from the 
same shortcomings which already affected the canonical equal time formalism: 
with the exception of some superrenormalizable interactions in low dimensional 
spacetime, there are no interacting theories which permit a restriction to the 
lightfront or to equal times. In particular fields of strictly renormalizable type 
(to which all Lagrangian fields used in d=l+3 particle physics belong) are out- 
side the range of the above restriction formalism. In fact a necessary condition 
for a restriction can be abstracted from the two-point function and consists in 
the finiteness of the wave function renormalization constants Z which in the 
non-perturbative setting amounts to the convergence of the following integral 
over the well-known Kallen-Lchmann spectral function 



The operator algebra approach overcomes this restriction by bypassing the 
short-distance problem of pointlike field "coordinatization" . It uses the causal 
shadow property i.e. the requirement that the (weakly closed) operator algebra 
associated with a simply connected convex spacetime region is equal to the al- 




(13) 
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gebra of its causal completion^ (causal shadow). In this way certain operator 
subalgebras in the net of W become identified with some subalgebras localized 
on the horizon. For example a 3-dim. lightlike semiinfinite strip within the 
horizon Hyy casts a causal shadow into W which is simply the 4-dim. causal 
completion (the 4-dim. slab which this 3-dim. strip cuts into the ambient 
space). The largest such region is of course the causal horizon Hw itself, whose 
causal shadow is ©. The net on the lightfront also contains regions with 
a finite longitudinal extension which do not cast causal shadows (independent 
of whether their transverse extension is compact or reaches to infinity) because 
they are already identical to their causal shadows. The algebras of those regions 
do not correspond to algebras in the ambient net; they have to be constructed by 
modular methods (using modular inclusions and modular intersections) which 
will be presented in the next section. 

The fact that the canonical equal time and lightfront restriction approach 
suffer the same limitations for their Kallen-Lehmann spectral function does not 
mean that their algebraic structure is similar. In fact it is well-known that 
there are no pointlike generators for interacting canonical equal time algebras 
for fields with infinite wave function renormalization, whereas (as will be seen 
in the sequel) lightfront algebras permit a description in terms of (generalized) 
chiral fields which allow for arbitrary noncanonical short distance behavior. But 
the failure of the restriction procedure prevents their direct construction, rather 
one needs the algebraic detour of LFH to get to those fields (in their role as 
locally coordinatizing the algebras). 

Despite the totally different nature of the modular LFH method in the for- 
mulation of an algebraic lightfront holography of the next section, most of the 
structural results turn out to be analogous to those of the restriction method in 
this section. Considered as a QFT in its own right, the LFH has some unusual 
properties which are a consequence of the fact that the lightfront does not belong 
to the family of globally hyperbolic spacetime manifolds to which one usually 
restricts field theoretic considerations; but precisely this physical shortcoming 
makes them useful auxiliary tools in QFT. Not only do longitudinal compact re- 
gions not cast any causal shadows into the ambient Minkowski spacetime, there 
are even no such shadows (and a related Cauchy propagation) which extend the 
region inside the lightfront. The related transverse quantum mechanical be- 
havior without vacuum polarization has the consequence that algebras, whose 
transverse localizations do not overlap admit a tensor factorization (just like the 
inside/outside tensor factorization in Schroedinger theory in the multiplicative 
second quantization formulation^with no vacuum entanglement). As a conse- 
quence, the application of such subalgebras with finite transverse extension to 
the vacuum does not lead to dense subspaces of the Fock space, rather their 
closures defines genuinely smaller subspaces (breakdown of the Reeh-Schlieder 

^The extension by spacelike "caps" of a timelike interval is already a consequence of the 
spectrum condition and spacelike commutativity. 

^In the standard quantum mechanical formulation the statistical independence between 
inside/outside would corresponds to the additive decomposition of the corresponding Hilbert 
spaces. 
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property) . In fact this LFH is the only known mechanism by which one encoun- 
ters a partial return to quantum mechanics within the setting of QFT without 
invoking any nonrelativistic approximation, as will be shown in the sequel. 

The crucial operator-algebraic property which is responsible for this some- 
what unexpected state of affairs is the existence of positive lightlike translations'' 
Ue^ (a) in (two-sided) lightlike strip (whose causal shadows are lightlike slabs) 
algebra A{l-strip). Let A € A{l-strip) and A' € A{1- strip)' . Since Ue^{a) acts 
on both the algebra and its commutant (associated with the complement of the 
strip within the lightfront) as an automorphism and leaves the vacuum invariant, 
we obtain for the vacuum expectation values 

(0 \AUe^{a)A'\ 0) = (0 \A'Ue+{a)*A\ O) (14) 

But according to the positivity of the translations this requires the function 
to be a boundary value of an analytic function which is holomorphic in the 
upper as well as the lower halfplane. Due to the boundedness the application 
of Liouville's theorem yields the constancy in a. The cluster property (which in 
the weak form as it is needed here also applies to infinite lightlike separations) 
then leads to 

(0|^A'|0) = (0|^|0) (0|A'|0) (15) 

which is the desired tensor factorization without entanglement of the vacuum. 
By successive application of this argument to a strip-subalgebra of the commu- 
tant, the lightfront algebra can be made to factorize into an arbitrary number 
of nonoverlapping strip algebras. In fact for those lightfront algebras which are 
associated with the restriction of free field, the two-sided strip algebras can eas- 
ily be seen to be type loo factors i.e. the full lightfront algebra (which is equal 
to the global ambient algebra) tensor-factorizes into full strip algebras 

A{LF) = yt(M(3^i)) ^ ^(^^ ^^g^ 

= ^A{LFi)^^B{Hi) 

i i 
i 

Algebras with smaller longitudinal localizations are imbedded as unique hyper- 
finite type nil factors in suitable two-sided strip algebras i3(i/i). Subalgebras 
with a semi-infinite or finite longitudinal extension which are associated with 
non-overlapping strip algebras inherit this factorization; in fact they fulfill a 
Reeh-Schlieder theorem within an appropriate factor space. The transverse 
correlation-free factorization for arbitrarily small strips in lightray direction 
suggests that the lightfront algebras are generated in terms of pointlike fields 
of the form (|1U|I where in the interacting case the zero mass free fields should 

^This argument is analogous to the proof that certain algebras have translational invariant 
centers IIUI as in the case of the proof of the factorial property of wedge algebras 1111 . The 
loss of correlations results from the fact that lightlike translation act in a two-sided way on 
strips 12] • 
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be replaced by generalized chiral fields with (half)integer scale dimensions (see 
next section). The arguments leading to the transverse factorization are not 
affected by interactions and therefore it is helpful to collect the result in form 
of a structural theorem of operator (von Neumann) algebras 

Theorem 1 A subalgebra A of B{H) admitting a two-sided lightlike translation 
with positive generator is of type I, i.e. it tensor-factorizes B{H) as B{H) = 
A® A' 

The two-sidedness of the lightlike positive energy translations is important 
in the above argument; if they act only one-sided (i.e. as an algebraic endomor- 
phism) as e.g. in the case of the wedge algebras, one can only conclude that 
the center is translation-invariant and agrees with the center of the full algebra; 
in this case there is no tensor-factorization and the algebras turn out to be of 
the same kind as typical sharp localized algebras, namely hyperfinite type IIIi 
factors^m. 

With these remarks which (as shown in the next section) continue to ap- 
ply in the presence of interactions, we prepared the ground in favor of area 
laws for transverse additive quantities (as e.g. a would be localization-entropy) 
associated with a horizon. Later this problem will be considered in more detail. 

The restriction of free fields to a causal horizon can also be carried out 
for the more interesting case of the lower rotational symmetric causal horizon 
of a (without loss of generality) symmetric double cone. Again the analogous 
restriction limit (with the lower apex placed at the origin, r-|_ = i + r plays 
the role of x+) maintains the creation and annihilation operator structure and 
the Hilbert space and also leads to a conformal invariant limit from which the 
original massive field may be reconstructed via the application of suitable sym- 
metries which lead away from the horizon into the ambient spacetime. In this 
case there is however no geometric modular theory (no Killing vector) for the 
massive free theory; nevertheless the massless restriction to the horizon acquires 
a geometric modular group in form of a subgroup of a double cone-preserving 
conformal transformation 12 . Similar to the LF situation, the algebra on the 
lower horizon Hq is equal to the double cone algebra (but with different subnet 
structure) 

A{Hc) = A{C) (17) 

This phenomenon which leads to an enlarged symmetry in the same Hilbert 
space has been termed "symmetry-enhancement" [HI . As a result of the equality 
two algebras and the shared Hilbert space, one could also say that a diffuse 
acting modular symmetry becomes geometric (a diffeomorphism) on the horizon. 
Unfortunately it is presently not known how to derive this result for double cones 
in the presence of interactions when the method of restricting pointlike fields to 
the horizon breaks down ^ . 

*A detailed understanding of such operator algebras beyond the fact that they have very 
different properties (no minimal projectors corresponding to optimal measurements, no pure 
states) from quantum mechanical algebras is not required in this paper. 

^ There is presently no formulation of modular inclusions (see next section) for a diffuse 
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3 Algebraic holography and modular localiza- 
tion 



The algebraic construction for interacting theories with trans-canonical KaUen- 
Lehmann spectral functions starts from the position of a wedge algebra yl(VF) 
within the algebra of all operators in Fock space B{'H) and the action of the 
Poincare group on ^(M^). It is based on the modular theory of operator alge- 
bras and adds two new concepts: modular inclusions and modular intersections. 
The intuitive idea of LFH consists in realizing that the causal shadow prop- 
erty identifies certain semiinfinite algebras on the horizon with their ambient 
4-dimensional causal shadows; starting from those one may construct a full net 
of compactly localized subalgebras on the horizon in terms of relative commu- 
tants and intersections among those algebras. Modular theory in the form of 
inclusions and intersections is a mathematical tool which makes this intuitive 
picture precise. Since these modular concepts have already received attention 
in the recent literature on algebraic QFT, we will limit ourselves to remind the 
reader of the relevant definitions and theorems (with a formulation which suits 
our purpose) before commenting on them and applying them to the lightfront 
holography. 

Definition 2 (Wiesbrock, Borchers ^IH) An inclusion of operator algebras (A C 
B,n) is "modular" if (A,^l), (B,fl) are standard and Ag acts (for t<0 by con- 
vention) as a compression on A 



A modular inclusion is standard if the relative commutant (A'HB, fl) is standard. 
If the sign of t for the compression is opposite it is advisable to add this sign 
and talk about a ±modular inclusion. 

Modular inclusions are different from the better known inclusions which arise 
in the DHR superselection theory associated with the origin of internal 
symmetries in quantum field theory. The latter are characterized by the fact 
that they possess conditional expectations ^1]. The prototype of a conditional 
expectation in the conventional formulation of QFT in terms of charge carrying 
fields is the projection in terms of averaging over the compact internal symmetry 
group with its normalized Haar measure. If U (g) denotes the representation of 
the internal symmetry group we have 



i.e. the conditional expectation E projects the (charged) field algebra JF onto 
the (neutral) observable algebra A. 

acting modular group which restricts to the smaller algebra as a diffuse compression of the 
smaller region. 



AdAtA c A 



(18) 




(19) 
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Modular inclusions have no conditional expectations. This is the conse- 
quence of a theorem of Takesaki ^3] which states that the existence of a condi- 
tional expectation for an inclusion between two noncommutative^'^ algebras (in 
standard position with respect to the same vector) is equivalent to the modular 
group of the smaller being the restriction of that of the bigger algebra. Since a 
genuine one-sided modular compression (endomorphism) excludes the modular 
group of the smaller being the restriction of that of the bigger algebra, there 
can be no projection E in this case. The modular inclusion situation may be 
considered as a generalization of the situation covered by the Takesaki theorem. 

The main aim of modular inclusion is to generate spacetime symmetry and 
nets of spacetime indexed algebras which are covariant under these symme- 
tries. From the two modular groups Ag,A^ of a modular inclusion one can 
form the translation-dilation group with the commutation relation Agf7(a) = 
U (e~^'^*a) Ag and a system of local algebras obtained by applying these symme- 
tries to the relative commutant A' H B which may be combined into a possibly 
new algebra C 



In general He = CilC C Hp = B® =i?, and whereas the modular groups 
Ag,A^ of the inclusion A C B are different, the C C B inclusion leads to a 
Takesaki situation with A^* = Agj/f^ with the conditional expectation being 
E : B ^ C =PBP, He = Hg. If the inclusion is however standard (which means 
He = H), the equality C = B follows. In that case a modular inclusion gives 
rise to a chiral structure on B thanks to the following theorem. 

Theorem 3 (Guido,Longo and Wiesbrock TSl) Standard modular inclusions 
are in correspondence with strongly additive chiral AQFT 

Here chiral AQFT is any net of local algebras indexed by the intervals on 
a line with a Moebius-invariant vacuum vector and the terminology strongly 
additive refers to the fact that the removal of a point from an interval does not 
change the algebra i.e. the von Neumann algebra generated by the two pieces 
is still the original algebra. This raises the question of whether the present 
use of the word chiral is the same as that in the standard literature where 
chiral refers to the apparently more restrictive situation of the existence of an 
energy-momentum tensor which generates the diffeoniorphisms of a circle with 
the Moebius group being the maximal symmetry group of the vacuum. However 
there are arguments that not only the Moebius transformations (whose modular 
origin has been known for some time jllj ) but also the diffeomorphisms beyond 
are of a general modular origin (for multi-local algebras with respect to states 
which differ from the vacuum |Ej ^H]) ■ Hence the Witt-Virasoro algebra formed 
by the infinitesimal generators of Diff{S^) (which is the hallmark of standard 
chiral models and follows from the existence of an energy-momentum tensor) 

^"In the commutative case there are no restrictions. Examples of commutative conditional 
expectations are the KadanoflF- Wilson renormalization-group decimation procedures in the 
Euclidean setting of QFT. 




(20) 
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appears to be shared by the more general looking algebraic definition. This 
is helpful in connection with LFH where generalized chiral theories arise from 
higher dimensional QFT for which the chiral energy-momentum tensor is void 
of any direct physical meaning. . 

First we adapt the abstract theorem to our concrete case of a wedge algebra 
in a massive interacting QFT in d=l-|-l spacetime dimensions. 

B = A{W) (21) 
A ^ U{e+)A{W)U* ie+), e+ ^ (1,1) 

= AiWe^) 

As Wiesbrock has shown the modular nature of the inclusion is a conse- 
quence of the modular covariance for wedge algebras (the Bisognano-Wichmann 
property |^) This is the inclusion of the algebra translated via a lightlike trans- 
lation into itself so that geometrically the relative commutator 

A{We^y nA{W) = A{I {0,1}) (22) 

is by causality localized in the upper horizontal interval (0,1). The standardness 
of this inclusion then leads to a chiral conformal AQFT, i.e. a net (more precisely 
a pre-cosheaf [TB]') 

/ A{I), I CS^ (23) 
AiR+) = UtAdA'*^(/(0, 1)) 
A{R) = A{R+) V JA{R+)J 

on which the Moebius group (which preserves the vacuum vector) acts. With the 
help of the external (i.e. non-Moebius) automorphism on A{R) implemented by 
the opposite lightray translation C7_ (a) , we are able to return from the chiral net 
on the right upper horizon to the original 2-dim. net on W . If we call the transi- 
tion from the d=l-|-l original net via the modular inclusion of wedge algebras to 
the A{R) net the holographic projection, then the reconstruction of the d=l-|-l 
theory from its holographic projection together with the opposite lightray trans- 
lation U- (a) (which acts as a kind of positive spectrum Hamiltonian) should be 
called the holographic inversion. Since chiral theories are simpler than massive 
d=l+l models, the gain by looking first at holographic projections should be 
obvious. In fact the kind of chiral theory which is a candidate for such a start 
is restricted to models with generating fields with (half)integer scaling dimen- 
sion which are closed under commutation i.e. where the delta function terms 
and their derivatives are multiplied with field from the generating set. Such 
models are "Lie-fields" in case of a finite number of generators have been called 
"W-algebras" (here used in the wider sense that current algebras are included). 

In analogy to the free case of the previous section the U-{a) translation 
does not enlarge the Hilbert space nor the global algebra on the horizon. But 
without the knowledge of its action it would not be possible to identify the 
physical mass via the mass operator P+P- in that Hilbert space, nor would 
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one be able to recover the spacetime interpretation (e. i. the physical content) 
of the original ambient theory. If the canonical quantization (or the equivalent 
functional integral representation approach) would be an ultraviolet consistent 
approach beyond canonical short distance behavior, then the lightfront data 
acted upon by P_ would be analogous to the canonical data acted upon by the 
Hamiltonian. According to the remarks in the previous section based on the 
Kallen-Lehmann representation, the canonical structure gets lost in the process 
of renormalization, whereas the LFH-structure is consistent with chiral fields 
of arbitrary high dimensions. This stability against trans-canonical ultraviolet 
behavior favors the LFH approach as compared to canonical method. Another 
potentially helpful aspect of the constructive use of LFH is the fact that LFH 
data are capable to contain more specific dynamical information since the set 
of chiral algebras is much richer than the set of canonical data (which for given 
mass and spin is essentially unique). It is generally believed that any change 
of the cut separating dynamics from kinematics (which by definition contains 
the already well-understood aspects) towards the enlargement of the latter is 
helpful in the understanding and constructions of models of QFT. 

An interesting family of models for which a study of these holographic as- 
pects seems to be well in reach, are the d=H-l factorizing models for which some 
modular localization properties are already known |2l)j. Another advantage of 
having a richer kinematical side may be that certain rather general structural 
properties may become more accessible. In fact we will argue in the next section 
that the area proportionality of localization entropy associated with the wedge 
horizon in d=l-|-3 QFT is among those properties. 

For the extension of holographic projection to higher dimensional theory one 
needs one more mathematical definition and a related theorem about modular 
intersections. 

Definition 4 ^ (^) rnodular intersection is defined in terms of two stan- 

dard pairs (Af {M,Q) whose intersection is also standard (M Cl M,fl) and 
which in addition fulfill 

((TVn Al) CTV, «)) and {{U n M) C M , is ± modular (24) 
Jaa( lim A^AX^*)J^ = lim A^A^" = Jm lim A5^A^*)Jm 

All limits are in the modular setting are to be understood in the sense of strong 
convergence on Hilbert space vectors. 

We will now explain how this definition is used in LFH in order to achieve 
a transverse localization on the lightfront. Setting ^vacuum, A4 = A{W) 
and J\f — AdU {Ae^{l))A4 with Ae^(a) denotes a "translation" in the Wigner 
little group which fixes the lightray vector e+ (a transverse Galilei transfor- 
mation in the lightfront according to the previous section), wc first check the 
prerequisites of the definition. The modularity of the inclusion follows again 
from the geometric properties of the action of the modular group of the bigger 
algebra as a compression on the smaller and since the limit in the second line 
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is is nothing else but /7(Ae^(l)) and the commutation relation with Jm,m 
with C/(Ae^(l)) in the last line are geometric relation in the extended Lorentz 
group, the intersection property holds in our case. In d=3+l there are two 
independent "translations" which maintain the given lightray and implement a 
Galilei transformation inside the lightfront. As in the free field reduction formal- 
ism of the previous section, there is a seven-parametric subgroup of the Poincare 
group which is a symmetry of the LFH. Since the Galilei transformations change 
the transverse directions inside the lightfront, they tilt the transverse strips in 
such a way that the intersection of the original with a transformed strip is a 
compact 3-dim. region on the lightfront. These intersections define a net struc- 
ture on the lightfront containing arbitrarily small regions in the longitudinal 
as well as transverse sense. Whereas it appears relatively straightforward to 
extend a given bosonic/fermionic chiral theory by transverse quantum mechan- 
ical degrees of freedom in a covariant way with respect to the seven-parametric 
symmetry group, the remaining three symmetries, notably the Hamiltonian-like 
lightray translation away from the lightfront (which are important to re-install 
the particle physics interpretation of the ambient theory), pose the more chal- 
lenging task of holographic inversion. It is presently not even clear whether 
all generalized chiral theories appear as images in LFH. From the experience 
with the canonical Hamiltonian formulation one would expect that this step is 
highly non-unique, or to phrase it the other way around that the holographic 
projection is a many-to-one universality class relation. 

The notion of a universality class projections is well-known in connection 
with the scale and conformally covariant short distance limit which is the basis 
of critical phenomena. The holographic projection classes constitute a quite 
different universality class relation between (massive) theories in any spacetime 
dimensions d > 1 -I- 1 and chiral theories in which only (half)integer dimen- 
sions appear. Even if the higher dimensional interacting models do possess con- 
ventional pointlike field generators, there will be in general no direct relation 
between these fields and those which generate the chiral algebras. The holo- 
graphic relation rather involves a radical spacetime reprocessing which can only 
be formulated in terms of changing the spacetime net structure; there seems to 
be no way to express such a radical change in terms of a (necessarily) nonlocal 
formula which relates pointlike fields. 

Since the theorem about the transverse tensor factorization of lightlikc strips 
and their causal shadows (lightlike slabs) of the previous section follows from 
a general theorem about strip algebras with a two-sided action of a positive 
lightlike translation which made no reference to free fields, it remains valid in 
the interacting situation. 

It is reasonable to ask whether these factorizing chiral strip algebras really 
do permit the introduction of pointlike generating fields. The results in 
on standard chiral theories suggest strongly that group-representation methods 
may also be sufficient for their construction in the present case. In case of a 
finite number of generating fields these fields should be of the form of generalized 
W-algebras (Lie-fields) i.e. their exists a finite collection of generating fields 



16 



Alp{x+,x±),i — 1,2, ....with the foUowing (anti)commutation relation 

fe=0 J 

(25) 

where the sum extends over chiral ^-functions and their derivatives multiplied 
with fields B which consist of linear combinations of generating fields A with 
the same scale dimension which together with the dimension carried by the 
(derivatives of) (5-functions match the balance of scale dimension of the left 
hand side. For readers who are familiar with chiral conformal QFT these for- 
mula are straightforward transverse extensions of W-algebra commutation with 
covariance properties under the seven-dimensional symmetry group of lightfront. 
The longitudinal compactification adds the rigid rotation symmetry of the cir- 
cle. As in the case of standard W-algebras this structure is easily extended to 
include Fermion fields. 

The quantum mechanical behavior in the transverse direction is described 
by the common transverse 5-function. Besides the covariance under the seven- 
parametric subgroup of the Poincare group, the expectation values fulfill the 
strong factorization 

(CD) = (C) (D) (26) 

where C, D are products of generating fields so that the transverse coordinates in 
the C-cluster are disjoint from those of the D-cluster. Another way to describe 
lightfront fields which makes the quantum mechanical transverse structure more 
explicit would be to use the notion of wave functions on transverse coordinates 
which are chiral field- valued. 

It should be mentioned that modular intersections which we used to establish 
the Galilei invariance of the transverse quantum mechanics associated with LFH 
also played an important role in the construction of 3- and higher- dimensional 
AQFT starting from a finite set of wedge algebras [?] . 

4 Area density of horizon-associated entropy 

The use of the LFH for a coarse classification of higher dimensional theories 
with the aim of their construction via holographic inversion is an ambitious 
new program. A more modest goal would consists in trying to pinpoint general 
properties of the LFH projection which pertain to the LFH universality classes. 
In the sequel we will argue that the area proportionality of localization entropy 
associated with the horizon of a wedge is such a property. 

It has been known for a long time that the restriction of the vacuum state to 
the wedge algebra leads to a thermal state with a fixed Hawking temperature. 
To place this formal mathematical observation on a physical footing, Unruh j31| 
has interpreted this effect as a physical phenomenon seen by a uniformly accel- 
erated observer with a fixed acceleration (creating the causal wedge horizon). 



^Lpi^+J ^-L)i ^L_f(2^+i ^1) 
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The Hawking-Unruh temperature arises from the fact that an Unruh observer 
is immersed in a KMS thermal state for which the wedge-preserving Lorentz- 
boost defines the dynamics (the "Hamihonian"). There are however obstacles 
against directly associating a notion of entropy with this thermal situation, the 
most obvious being the fact that the Lorentz boost is not a trace-class oper- 
ator. In this section we will argue that the LFH method combined with the 
so-called split property applied to the chiral theories on the lightfront allows to 
extract a (relative or unnormalized) area density of localization entropy. Our 
arguments depend on the assumption that the (logarithmic) increase of vacuum 
polarization at the boundary of localization in chiral theories in the limit of 
sharp boundaries (vanishing splitting distance) is universal, so that different 
chiral models only lead to different numerical factors which determine finite 
ratios. Only in this case an assignment of an additive measure of the cardi- 
nality of degrees of freedom associated with the vacuum state restricted to a 
sharp localizes spacetime region as a wedge or its horizon is conceivable. The 
determination of a normalized area densities would then hinge on the validity of 
fundamental thermodynamic laws involving localization entropy, an issue which 
is outside the scope of this paper. 

Whereas our conclusions are still preliminary, the ideas by which we try 
to relate transverse area density of localization entropy on the lightfront with 
vacuum polarization at the boundaries of localization are interesting in their 
own right and may turn out to be useful in more profound future studies of this 
problem. 

It is interesting to recall that Heisenberg discovered vacuum fluctuations 
through surface effects. Phrased in a more modern setting of partial charges 
defined by smeared Noether currents 



where the spatial test function equals one inside a sphere of radius R and van- 
ishes outside R + e and the time smearing is a positive test function symmetric 
around a;o = and with total integral equal to one. This partial charge has 
the same commutation relation with other operators as the total charge as long 
as these operators are localized inside a (origin-centered) double cone of size 
R. By use of the Kallen-Lehmann representation one can calculate the charge 
fluctuation 



they are (for small e) proportional to the surface of the sphere with a numerical 
coefficient which diverges as a inverse power in e. This is not in contradiction 
with the expected zero value of the total charge in the vacuum state because 
the convergence for i? — > oo is in the sense of weak convergence^^. 

^^One can also have strong convergence at the expense of a time smearing which depends 
on the spatial smearing |24| . 




(27) 



{n \Q{fR,efT)^\^) = \\Q{fR,efTM^ - R^c{e) 



(28) 
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In the algebraic setting the consequences of vacuum polarization have more 
dramatic structural manifestations. Their omnipresence even in the absence of 
interactions is behind the loss of such quantum mechanical properties as the 
existence of minimal projectors and even that of pure states for the sharply 
localized algebras which are the basic objects of the algebraic approach. As al- 
ready mentioned before in terms of von Neumann types they are isomorphic to 
the unique hyperfinite type IIIi von Neumann factor instead of the unique type 
loo factor isomorphic to the algebra of all operators B{H) in an infinite dimen- 
sional Hilbert space H. In the multiplicative second quantization formulation 
of Schroedinger quantum mechanics the spatial division into an algebra inside 
and outside a spatial box would lead to a tensor factorization of the two alge- 
bras. Interactions would correlate (entangle) the inside with the outside of the 
box but not affect the tensor product factorization. The nonrelativistic vacuum 
would remain a (nonentangled) tensor product of the in and outside vacuum 
even in the presence of interactions. Hence the restriction of the global vacuum 
to the inside of the box would never create an impure state with thermal as- 
pects. The situation changes radically in the presence of field theoretic vacuum 
fluctuations. In that case not only does the vacuum become an entangled state 
in a tensor product description, but the very tensor product structure, which is 
the basis of the entanglement, gets lost. Namely the global algebra is not repre- 
sentable as a tensor product of the local algebra A{C) (with say a double cone C 
being the analog of a nonrelativistic box) and its commutant A{C)' (equal to the 
causally disjoint algebra A{C') according to Haag duality), although it is gen- 
erated by both commuting factors: B{H) = A{C) V A{C'). This radical change 
is consistent with the global vacuum turning into a KMS state at the Hawking 
temperature upon restriction from the global to a local algebra; however the 
von Neumann entropy requires type I and cannot be defined in such a situation. 
In order to obtain a tensor factorization one invokes the "split property" (for 
a rather complete bibliography see ITH!) which is a kind of algebraic analog of 
the above test function transition region of size e and intuitively speaking cor- 
responds to a "fuzzy" surface of a spacetime localization region. Algebraically 
one takes instead of sharply localized algebra A{C) a fuzzy-localized type I 
algebra whose localization is between C and the by e bigger double cone C^. Let 
us first recall the general algebraic definition without reference to our geometric 
setting. 

Definition 5 An inclusion A d B is called split if there exists an intermediate 
type I factor M : A C M C B . This yields the following tensor factorization: 
B{H) ^N®N', A ~^A®oo, B' ^1®B' 

We remind the reader that in theories with reasonable phase space proper- 
ties there exists a canonical way of constructing for a standard inclusion (i.e. 
[A' n B, ri) is also standard) a type I factor JS] which is explicitly given by the 
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formula 

TV ^ AJAJ = BJBJ (29) 

with J = J(A'nB,n) 

The verification of these structural properties is not difficult but the 
explicit computation of a modular conjugation J which belongs to not simply 
connected or disconnected localization region has not been possible up to now 
The fact that J\f is type I implies that the modular group of {JV,il) is 
implemented by the unitary group /i** = g*tHAr ^ generator Hj^f which is 

affiliated with the algebra M 

AdAfj^^n^Af = Adh'^Af (30) 

where the positive operator h = h'^^\t=-i represents the Connes-Radon-Nikodym 
derivative of the vacuum state wn(-) restricted to M with respect to the trace 
(tracial weight) on A/". By construction this operator has discrete spectrum and 
finite trace tr h < oo (which by normalization wn(') — tr{h-) can be set equal 
to one). The finitencss of the entropy 

E(U,Q.) = -tr\Hj^hlnh (31) 

requires in addition the absence of an infrared accumulation of too many eigen- 
values near zero. 

Returning to the above geometric case, A and B should be identified as 
A = A{C)^B = A{C^). The main interest would be the study of the limiting 
e ^ behavior of the localization entropy £'(7v'_o)- It is only in this limit that 
one would expect the localization entropy to become independent of the choice 
of the splitting type I subfactor M (similar to the dependence of the partial 
charge on the //^ ^(x) test function dependence in the transition region). In 
the algebraic setting one can actually avoid this problem of arbitrariness in the 
splitting by realizing that all different choices of M yield the same product state 



ujp{AB') = u{A)uo{B'), AeA,B'eB' (32) 

This together with Kosaki's elegant variational formula for Araki's rela- 

tive entropy E{ujp, uj) of the original vacuum state lj with respect to the product 
vacuum would get rid of the dependence of the special kind of tensor product 
implementation even before going to the limit. In either formulation there have 
been attempts to compute such localization entropies, but even in the case of 
algebras associated with free fields the problem has turned out to be quite in- 
tractable .27 28^ 

^^There has been some recent progress in the understanding of modular objects associated 
with double interval chiral algebras which may turn out to be helpful in future attempts. 

IT7IIT51 . 
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In the following we will argue that the issue of localization entropy for the 
wedge can be significantly simplified by LFH. Although the wedge algebra is 
identical to that of its horizon, the latter offers a better spacetime arrangement 
of degrees of freedom for the computation of localization entropy. The reason is 
obvious since the transverse symmetry together with strong factorization prop- 
erty of the vacuum in transverse direction permit the reduction of the entropy 
problem to that of an area density (entropy per unit volume of the edge of the 
wedge) which is determined by the chiral theory on the lightray. One then hopes 
to profit from the simplicity of chiral theories. 

It is well-known that the split property of chiral theories is a consequence 
of the nuclearity property which in turn follows from the convergence of the 
partition function 

tre~>^^° < oo (33) 

where Lq is the rigid rotation operator on the compactified light ray. Since 
the transverse symmetry (which would lead to an infinite degeneracy of these 
eigenvalues) has been taken out, this condition does not seem to be unduly 
restrictive. After the transverse reduction the horizon now corresponds to the 
right halfiine or in the compactified circular description to the upper semi-circle. 
The chiral split inclusion to be studied is now A C B with A = A{I{0+e, tt — e)), 
B = A{I{0, tt)). The practical problem is then to find an implementation of the 
split isomorphism $ 

AVB'~A^B' (34) 

which is computationally manageable. It turns out that implementation of $ 
with the help of the "flip trick" used in PU] is useful. It consists in implementing 
$ in the duplicated tensor representation space H ® H with the duplicated 
vacuum Q. ® VI.. Assume for simplicity that the algebra is generated by one 
pointlike field ij} and with -ij^i = tp (g) 1, ^2 = the implementation of $ 

reads 

H^{x)) - 



i^iix), X e /(O + £, TT — e) 
■^2{x), X e /(tt, 27r) 



If we now view = 1.2 formally as a 50(2) ~ U(\) charge doublet (each 
living in a separate tensor factor of H (g) H) , then we may implement $ in the 
spirit of the well-known Noether current formalism 



j-(/) ^ / f{x)3{x)dx, f 



$(^1(2;)) = Uif)M^)Uif)*, Uif) = e^^(/) (35) 

0, X e 1(0 + e,TT ~ e) 
I, X e /(tt, 2n) 

The bilinear expression for the current in terms of the two-component field has 
a precise mathematical meaning in the case when the generating field is a free 
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chiral Boson or Fermion field^'^. This implementation of $ by a unitary operator 
depends again on the choice of the smearing function / in the transition regions. 
Before looking at the issue of localization entropy it is instructive to consider 
the overlap between the tensor duplicated representation of the original vacuum 
^vac = and the choice of implementing vector Up = U{f){n§)fl) of the 

product vacuum 

(il^aclnp) = {n^ac \U{f)\ n^ac) = ^ 0(/) .^X/)) o (36) 
(77' \AB'\ 77') = {n^ac \A\ n,ac) {^yac \B'\ n,ac) 

A e Ail{0 + e, TT - e)), B' e Ailin, 27r)) 

The fluctuation of a smeared free current is easily shown to have a loga- 
rithmic dependence on the e in (|35ll which leads to a linear vanishing of the 
overlap in e. The vanishing of the overlap is of course related to the expected 
unitary inequivalence of the product representation in the limit e = 0. In fact 
the vanishing of the overlap can be shown to hold for all basis vectors iw H ® H 
which are generated by polynomials in the creation operators 

{Vlyac\U{f)\al{pi)...a*n{pn) ® a*2{ki)...a*2{krn)^vac) (37) 

By tracing the square of these matrix elements over the second tensor factor 
basis, one obtains a density matrix which represents the vacuum ^yac as a 
mixed state on the factor space H = A{I{0 + e, tt — e))®^. The associated von 
Neumann entropy 

Se = —pelnpe — —ln£ ■ s (38) 

represents the desired localization entropy for this particular implementation 
of the split localization. The implementation independent description which is 
intrinsically determined in terms of product states is obtained by minimizing 
over all implementations of the product state. The associated entropy is the 
minimum of all split entropies and can be explicitly written in terms of the 
aforementioned Kosaki variational formula. 

The only presently computational accessible entropy is the one in the above 
two fold replica tensor-factorized implementation for free chiral theories. We 
hope to be able to present an explicit calculation along this scenario in a future 
paper. 

It is important to stress that the success of the LFH formalism to the problem 
of area density of localization entropy depends on whether chiral theories lead to 
a universal divergence for this density as the splitting distance approaches zero. 
Only if this turns out to be true can one assign a split independent additive area 
density to the horizon which is fixed by LFH up to a common normalization 
constant (independent of the specific chiral model). Under these circumstances 

^''lin the latter case the duphcated Fermion formalism is related to the tensor product 
description by a Klein transformation. 
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the LFH analysis of Rindlcr wedges would lead to well defined ratios between 
area densities of entropy. This (relative or unnormalized) area density would be 
an intrinsic aspect of the LFH algebra rather than (as in standard field theoretic 
attempts) a consequence of the accidental short distance behavior of special field 
coordinatization. 

It is interesting to note that this idea of a relative area density of localiza- 
tion entropy would be in complete harmony with the already well understood 
temperature aspect of localization on wedges or on their horizons since the 
modular operator for the split situation converges against the Lorentz-boost 
(which corresponds to the dilation in the LFH on the horizon) representing the 
dynamics of the thermal KMS state. This suggests that the LFH is capable 
to extract a physically meaningful measure of entropy area density from the 
Lorentz boost by extracting an infinite area factor together with the splitting 
dependence. Throughout the splitting process the restricted vacuum remains a 
thermal KMS state (it is even a Gibbs state as long as e remains larger than 
zero) with the Hawking temperature An ad hoc cutoff (in order to change the 
Lorentz boost into a trace class operator) in the short distance regime of fields 
would not be physically reasonable since it is a brute force method which wrecks 
the (local aspects of the) theory in an uncontrollable manner which is totally 
unrelated to the Hawking temperature aspects of localization. It is important 
to realize that despite its appearance the splitting method (unlike cutoffs) does 
not destroy degrees of freedom, it just redistributes them inside the boundary 
of thickness e. 

5 Conclusions and outlook 

By re-investigating the structure of lightfront QFT with the help of recent con- 
cepts from local quantum physics we succeeded to give a concise meaning to the 
idea of (algebraic) LFH. The most useful new result of the present LFH formal- 
ism is the compression of vacuum fluctuations into the direction of the lightray 
and a very strong form of quantum mechanical statistical independence in trans- 
verse directions within the lightfront which manifests itself in the absence of any 
transverse vacuum polarization. This appearance of quantum mechanics within 
relativistic QFT (without having performed any nonrelativistic approximation) 
is accompanied by the appearance of a genuine transverse Galilei covariance 
which results from projecting the Wigner little group "translations" into the 
lightfront. 

The statistical independence of transverse separated subsystems has imme- 
diate consequences for quantities which behave additively for uncoupled subsys- 
tems as entropy. Namely the problem of assigning an entropy to the vacuum 
state restricted to the horizon of a wedge is transferred to the question whether 
a transverse area density of entropy can be introduced by restricting the vacuum 
state of a global chiral theory to a local chiral subalgebra (for the case at hand 
associated with half of the lightray) . 

It is well-known that the global vacuum becomes a thermal KMS state at the 
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Hawking temperature, but since the relevant generator of the KMS dynamics 
is not given by a traceclass operator, the problem of finding a corresponding 
entropy as a measure of the impurity of the vacuum caused by the restriction, 
poses somewhat of a dilemma. Namely the same mechanism which causes the 
impurity aspects (which are the prerequisites for a nontrivial entropy) prevents 
the relevant dynamical operator to be of trace class. To overcome this problem 
we inferred the split property of AQFT which replaces the KMS state by an 
e-dependent family of Gibbs states which for e ^ approximates the KMS 
state. Different from a cutoff implemented on the short distance fluctuation of 
distinguished pointlike fields, this split procedure only re-shufHes the degrees 
of freedom within a fuzzy interval of thickness e around the endpoints within 
the same local chiral theory. Therefore contrary to the cutoff method it serves 
as an excellent starting point for investigating a universal behavior in the limit 
of e —^ 0. If further investigations of the split limit in chiral theories confirm 
our conjecture of a universal (logarithmic) divergence independent of the field 
content of the local algebras, then the LFH universality classes (which were 
shown to be classified in terms of chiral models) would only show up in nu- 
merical coefficients which are determined up to a common model independent 
factor. In that case the distinction between heat bath thermality and localiza- 
tion thermality, which presently manifests itself in the fact that the heat bath 
temperature is variable whereas the localization-caused temperature is deter- 
mined by geometrical aspects, could be enriched by a characteristic difference 
in their entropy behavior. Whereas the heat bath situation leads to a volume 
density, the relevant concept for causal localization is an area density. To link 
this to observable physics, the process of localization which creates causal hori- 
zons should be taken out of its abstract "Gedanken" setting in this paper and 
supplied with a concrete physical blueprint in the spirit of Unruh [3T] . 

Note that the arguments in the present work hold for all causal quantum 
theories with a maximal speed of causal propagation leading to a notation of 
causal disjointness and local commutativity. This means in particular that all 
(acoustical, optical, hydrodynamic) black hole analogs have a LFH. The 
difference of gravitational interactions to their analogs lies in the scale of cou- 
plings between the local quantum physics with geometric properties (the analogs 
of "surface gravity"). 

The reader may ask why (despite obvious similarities) we refrained up to 
now from relating our LFH based quantum results to the classical Bekenstein 
area law. Of course we do not believe that the area law behavior is the result 
of an accidental coincidence, but we think that this problem of comparison 
requires more detailed and profound future studies, in particular a proof of 
the conjectured universal behavior for vanishing split £ ^ 0. Local quantum 
theories have a much richer structure than their classical counterparts. Whereas 
we find it entirely conceivable that the study of fundamental dynamical laws for 
localization entropy in the context of black holes and their analogs may lead 
to a normalized entropies (with the normalization depending on the kind of 
analog), it is less plausible to expect that all the quantum differences between 
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LFH universality classes will be lost^ in favor of a universal classical Bekenstein 
law. 

The results presented in this paper do not support the optimistic view that 
the area density of entropy associated with the thermal aspect of restriction to 
a horizon reveals more about the nature of quantum gravity than the Hawk- 
ing temperature and radiation. But while de-emphasizing the relation to a yet 
unknown quantum theory of gravity they strengthen the (still somewhat mys- 
terious [31]) links between thermal behavior and geometry. 
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